Introduction
The methods presented in this section for describing collisional ionization form the basis for many theoretical treatments of energy absorption in irradiated matter. The discussion here is equally applicable to collisions with individual atoms or molecules but needs to be modified for condensed matter. For brevity we shall use the term target "atoms" to include molecules as well, unless specified otherwise.
In addition to information on excitation and other energy-loss processes, ionization cross sections at all projectile and secondary electron energies are needed to follow the history of an incident particle and its products, covering all ranges of energy transferred in individual collisions. What is most relevant to a collision theory is not the incident energy but the speed of the incident particle, whether it is a bare charged particle or a particle with its own internal structure. For a very fast projectile, the interaction between the projectile and the target atom can be treated as a perturbation, while a slow electron or ion forms a transient compound system with the target, a transient negative ion, or a diatomic or polyatomic molecule, depending on the projectile and the target. The formation of a compound system complicates the theoretical description of such a system and is the basic reason that the theoretical formulation of a slow collision is far more difficult than the treatment of a fast collision.
A collision of an electron with a target atom is most accurately described by using quantum mechanical descriptions for both the projectile and the target. Since the projectile electron is indistinguishable from an electron in the target, all electrons in the colliding system must satisfy the Pauli exclusion principle. This principle is satisfied by making the wave function for the total system (projectile plus target) antisymmetric with respect to the interchange of electron labels. The use of antisymmetrized wave functions leads to two kinds of interaction matrix elements-direct and exchange. Direct terms dominate cross sections for ordinary collisions, especially for fast incident electrons, while exchange terms become appreciable in slow collisions. Also, exchange terms dominate cross sections for collisions that change the total spin states of the target. Mter an ionizing collision, the scattered and ejected electrons cannot be distinguished; customarily the faster electron is called the primary electron and the slower one the secondary electron. We shall also refer to all electrons ejected by collisions of any heavier projectiles-protons, a-particles, etc.-as secondary electrons.
Collisions involving bare ion projectiles, unless they are very slow, can be treated by using a classical description for the trajectory of the projectile with a quantal description of the target. This approach is known as the semiclassical theory. For incident ions with speeds comparable to or lower than the orbital speeds of the bound electrons in the target, the capture of electrons from the target is a significant mechanism that ionizes the target but does not produce secondary electrons. Also, due to restrictions imposed by the conservation of momentum and energy, an incident heavy particle can impart only a small fraction of its kinetic energy to the target electron (unless the binding energy is an appreciable fraction of the incident energy).
If the projectile is a neutral atom or a dressed ion (i.e., an ion bearing one or more electrons), a collision can eject electrons from either the projectile or the target. For a fast projectile, one can consider the projectile as a simple collection of a nucleus and electrons travelling together at the same speed. Each constituent of the projectile then collides with the target as if it were an independent incident particle. Excitation and ionization of the projectile by the target can be handled by simply reversing the frame of reference, i.e., the target impinges on the projectile with the same relative speed. A slow collision of this type, however, will form a transient molecule and then break up, sometimes with a violent disruption in the shell structure of the target and/ or the projectile.
There are two elements in a collision theory: the treatment of the projectile-target interaction and the description of the target atom (and the projectile, too, ifit has its own internal structure). The former can be formulated using a classical approach; the latter invariably requires a quantal formulation. As is evident from the preceding discussions, there are different interaction mechanisms peculiar to each kind of projectile in addition to the usual binary collisions between the projectile and a bound electron in the target. In this section, we outline theories that serve as the common foundation for further refinements for different types of projectiles. Specific applications will be discussed in the sections dealing with different types of projectiles.
Doubly Differential Cross Sections
In the collision of two free charged particles, the recoil energy and angle of the target particle are uniquely related by conservation of energy and momentum, and thus the angular distribution for a given recoil energy is a B-function. For a bound electron, however, the residual ion gets a share of the total momentum transferred to the target, and an electron of a specified energy may be ejected in any direction. When the electron takes most of the transferred momentum, the angular distribution is sharply peaked in the direction of the momentum transfer, yielding what is called the binary-encounter (BE) peak. Fast electrons ejected in collIsions with small impact parameters are concentrated near the binarycollision peak. For the nonrelativistic case, the direction of the BE peak is given by
where Os is measured from the direction of the incident beam, me is the electron rest mass, M and E are the mass and kinetic energy, respectively, of the incident particle, and the energy transfer Q is defined in terms of the ejected electron energy E and the binding energy B :
( 2.2)
The width of the binary-collision peak is linked to how tightly the target electron is bound; the higher the binding energy, the broader is the binary-collision peak. The shape of the peak is determined by the distribution of momenta of the target electrons prior to the collisions. While fast secondary electrons result from close (i.e ., nearly head-on) collisions, slow electrons come from distant or glancing collisions. For slow electrons the angular distribution is the superposition of the binary encounter peak and the angular distribution characteristic of the dipole interaction. This results in a broad peak centered at Os -60° to 80°. A positive ion projectile, especially a highly charged one, tends to focus the ejected electrons in the forward direction, at the same time depleting electr~ns ejected in the backward direction.
Many collision theories, such as the Rutherford theory and the first Born approximation (FBA) , simply scale cross sections according to Zi, where Z\e is the charge of the projectile. For slow projectiles, however, this scaling is invalid because an ejected electron feels attractive forces from both the scattered projectile and the parent ion. This is part of a more general interaction mechanism known as the two-center effect (see Section 4.2.1). Of the several competing theories proposed to account for the twocenter effects, the continuum-distorted-wave eikonalinitial-state (CDW-EIS) method (Fainstei~ et ai., 1991b) has been particularly successful in reproducing many qualitative features of the two-center effects. This method uses continuum wave functions for the ejected electron that refer to the effective nuclear charges of both the residual ion and the incident ion.
Another approach in calculating DDCSs for ionization by heavy ions is the classical-trajectory Monte Carlo (CTMC) method developed by Olson (1983) and co-workers. In this method, various impact conditions for the projectile are chosen randomly and their trajectories are calculated using classical Coulomb interactions between the projectile, the target nucleus and the target electron. The target electron is identified by its orbit around the nucleus, but no explicit wave functions are used to describe the target atom. Further discussion of the CDW-EIS and the CTMC method are given in Sections 2.11 and 2.12. These methods are particularly effective for ionization by heavy ions.
Rutherford Cross Section
The scattering of two charged, structureless particles was described by Rutherford (1911) . In its original form the Rutherford formula treated only the angular distribution of the scattered particle but it can be recast in terms of the momentum transfer and converted to a SDCS as a function of the energy transfer Q. For a projectile of speed v making a collision with a free electron of mass me, this modified cross section is
where ao is the Bohr radius, R the Rydberg energy, and T the (nonrelativistic) kinetic energy of an electron with the same speed v as that of the incident particle, i.e., (2.4) where A is the mass ratio mp/ me and E is the projectile energy.
Although the original Rutherford equation was derived under the assumption that the target is free and at rest, we may use Eq. 2.3 as an approximate cross section for ejecting a bound electron with kinetic energy E, where E and Q are related by Eq. 2.2.
The modified Rutherford cross section should provide reasonable predictions for the production of secondary electrons when E » B except that for ion impact there is the additional restriction that E < 4 T (see Section 4.4.1).
Because of its simplicity in predicting the production of energetic secondary electrons, Eq. 2.3 has been used extensively in modeling the behavior of fast charged particles passing through matter. One should, however, note the limitations of the modified Rutherford cross section (to be referred to as the Rutherford cross section hereafter for brevity):
(a) The conversion of momentum transfer into energy transfer is a poor approximation if much of the energy transfer is used to overcome the binding energy, i.e., when Hence, the Rutherford cross section is unreliable for describing the production of slow secondary electrons.
(b) While the original Rutherford equation is quantum mechanically (and classically) correct for the scattering of two free charged particles, it is not a rigorous solution for a bound target particle. As will be explained shortly, contributions from the dipole interaction dominate the production of secondary electrons from an atom by a fast charged particle. The Rutherford cross section does not account for any dipole interaction either in its original or modified form. Hence, the Rutherford cross section should not be used to describe collisions of fast charged projectiles (T > lOB) producing slow secondary electrons (I' < 100 eV) unless extra terms are introduced to account for the ionization by the dipole interaction. On the other hand, the Rutherford cross section is a good approximation for the ejection of fast secondary electrons by slow heavy projectiles when the dipole interaction is unimportant. This is one of the reasons that semiclassical theories work well for slow, heavy projectiles.
Mott Cross Section
A refinement to the Rutherford cross section is the introduction of the electron-exchange effect in the case of electron-impact ionization. Mott (1930) generalized the Rutherford cross section to account for the indistinguishability of the scattered and ejected electrons. The cross section for the collision of a free electron with another at rest (Landau and Lifshitz, 1960 ) may be modified, as for the Rutherford equation, to apply to a bound electron (Kim, 1975) resulting in the equation:
(2.6) where Q > 0, Emax = T -B for a bound electron, and henceT -E > O.
The first term in the square brackets of Eq. 2.6 is the familiar Rutherford cross section, or the direct term, while the second term represents the interference between the direct and exchange terms, and the last term represents the pure exchange interaction. The quantity T -E represents the energy of the scattered electron after ionization and hence could have been changed to T -Q. It was, however, left unchanged in order (a) to keep Eq. 2.6 from diverging at the maximum energy transfer, Q = T, and (b) to make the equation symmetric for the scattered (primary) and ejected (secondary) electrons.
Since Eq. 2.6 is symmetric, we now adhere to the definitions of primary and secondary electrons, i.e., the slower of the two electrons emerging after an ionizing collision is labelled as the secondary electron. Hence, its maximum kinetic energy is one-half of the available energy,
Double counting will result if an integration over E is extended beyond Emax(secondary) given by Eq. 2.7.
Binary Encounter Approximation (BEA)
To account for electron binding, the Rutherford theory may be modified to include the momentum distribution of the bound electron. The term "binary encounter approximation" (BEA) is used as a generic name for theories in which some kind of momentum distribution is associated with each target particle. A common practice in a semiclassical collision theory is to derive the momentum distribution from a wave function for the target electron, while treating the motion of the projectile classically.
BEA Without Exchange
A simple form of the binary encounter approximation, (Williams, 1927; Inokuti, 1971; Bichsel, 1993) , modifies the Rutherford cross section by using the average kinetic energy U defined by (2.8) where p is the momentum operator of each bound electron: a{Q) = lTR (1 + :~) .
(2.9) Equation 2.9 is the BEA cross section for one bound electron.
For a many-electron target, one must use the appropriate Band U for each subshell, multiply the subshell cross sections by the corresponding occupation numbers and then sum over all subshells in the target. Unfortunately, experimental SDCSs available in the literature are functions of E but not Q for each subshell, so
where the summation is over subshells, N j and U j are the occupation number and the average kinetic energy ofthe jth subshell, respectively, with
(2.11) B j being the corresponding subshell binding energy. Average kinetic energies, occupation numbers and binding energies are listed for some atoms and molecules in Table 2 .1.
Because of kinematic restrictions, this equation requires modification for use with ion impact. Thomas (1927) first gave the correct formulation which will be discussed in Section 4.4. 
BEA With Exchange (BEAX)
For incident electrons, one can follow the example of the Mott cross section and modify the BEA cross section, Eq. 2.9, so that the resulting expression is symmetric with respect to the primary and secondary electrons. One such cross section, to be referred to as the BEA with exchange, or BEAX for short, was given by Vriens (1969) . For a single bound electron it is
The term in the square brackets of Eq. 2.12 is an approximation to introduce electron exchange. A rigorous theory would have introduced all possible combinations of Q and T -E in the denominator with a total power of three, as is the case in the Mott cross section, which contains all combinations with powers of two. For a multishell target, Eq. 2.12 should be summed over subshells.
Born Approximation
Reliable theoretical methods exist to treat fast collisions, viz., those collisions in which the projectile speed far exceeds (by a factor of 10 or more) the orbital speeds of bound target electrons. Many of these methods are variants of the first Born approxi-mation (Bethe, 1930) . In this approximation, the interaction between the projectile and a bound electron is treated in the first order perturbation, while the projectile and bound electrons in a target atom or molecule are separately described using appropriate wave functions. For instance, in the plane-wave Born approximation (PWBA), the projectile before and after a collision is described by plane waves, while the initial and final states of the target atom may be described by Hartree-Fock or even better wave functions as needed. If the target is an ion, Coulomb waves are used for the projectile, leading to the Coulomb-Born approximation. One can go one step further and use numerical continuum wave functions for the projectile, where these wave functions are the solutions of the Schrodinger equation (or the Dirac equation if the incident electron is very fast, say 100 keY or higher, or the target is a heavy atom or a tightly bound electron is ionized) with an effective potential representing the charge distribution of bound electrons in the target atom. This is called the distorted-wave Born approximation (DWBA).
Although both plane and Coulomb waves of a given energy can be expressed in terms of analytic functions independent of angular momentum, only plane waves allow us to express collision matrix elements in a general form independent of angular momentum (the CDW-EIS method, discussed in Section 2.11, is an exception). For the Coulomb and distorted waves we must resort to an infinite expansion of each continuum wave function in terms of angular momentum (known as the partial-wave expansion), thus requiring double summations over the angular momenta of the incident and scattered waves. In addition, if a Coulomb or distorted wave is used for the ejected electron, then it also must be expanded in partial waves, leading to a collision cross section that involves triple summations. The number of partial waves needed increases rapidly as the projectile or ejected electron energy increases, eventually making it impractical to calculate cross sections by methods that require partial wave expansions, even with the most powerful computers presently available. The simplicity and tractability of the PWBA makes it an effective theoretical method for a wide range of radiological applications.
Plane-Wave Born Approximation (PWBA)
If the Coulomb interaction Hint between a projectile and a target atom (nucleus plus bound electrons) is treated in the first order perturbation, then the unperturbed Hamiltonian Ho contains only the terms describing the nucleus and its bound electrons and the kinetic energy of the projectile:
where the subscript 0 refers to the projectile,) and k refer to the bound electrons in the target, rj is the distance from the target nucleus to the jth electron, and rjk is the distance between the jth and kth electrons. The summations in Eqs. 2.13 and 2.14 apply to the target electrons only. The correct solution of the wave equation involving Ho is the product of the projectile wave function <P(ro) and the target wave function 1/I(rbr2, ... ,rN) , since there are no operators in Ho referring to both the projectile and the target. Letting i and f refer to the initial and final states, respectively, of the projectile and the target atom, the interaction matrix element, Tif' involves only the last term in Eq. 2.14:
(2.15) because (CPi1frilroll c:lWl"f) = (CPdrOll CPf)(1fI;11fr f ) == 0 (2.16) from the orthogonality of the initial and final state wave functions in an inelastic scattering.
When plane waves are used for the projectile wave functions, CPi = exp (ik i . ;0), CPf = exp (ik f . ro), (2.17) where k/l and kfh are the initial and final momenta of the projectile, respectively. Then Eq. 2.15 is simpli-fied and becomes
The square of the matrix element Tif is used in the expression for the Born cross section, which is the origin of the Zi scaling of the Born cross sections.
Application of Fermi's golden rule with the interaction matrix element, Eq. 2.18, results in the familiar expression for the cross section for the ionization of an atom in the PWBA:
is the energy transferred to the target, Ei and Ef are the initial and final energies of the particle, and dfirCK) / dQif is the generalized oscillator strength (GOS),
Note that, in the limit K ~ 0, the GOS reduces to the familiar continuum dipole oscillator strength, dfit<Q)/ dQ: again because of the orthogonality ofthe atomic wave functions. Also, note that the most important function in the Born cross section, Eq. 2.19, is the GOS, which is a function of K but not of T. Once the GOS is calculated for a given transition for all values of K, one can get angular distributions for arbitrary incident energies without recalculating the scattering matrix element. This simplification holds only for the PWBA. Eq. 2.19 in principle produces a triply differential cross section, from which the DDCS can be derived by integrating appropriate variables in the matrix element. Although using plane waves for the projectile is a valid approximation when the projectile is fast, a plane wave is a poor approximation for an ejected electron unless it is also fast. As will be shown later, the majority of ejected electrons are slow (f: :::: Bl or less, where Bl is the first ionization potential) and a\f:) for slow ejected electrons strongly depends not only on the collision theory but also on the accuracy of wave functions used. For slow secondary electrons, one can use either a Coulomb function or a distortedwave continuum function, though such a choice will require partial-wave expansions and more computational effort. The PWBA can be used for both electrons and heavy projectiles. In most applications, exchange terms are not introduced in the PWBA 10 formulas even for incident electrons because exchange terms are insignificant at high T where the PWBA is valid.
Bethe Approximation
To obtain an integrated cross section, Eq. 2.19 is integrated over the momentum transfer, which is equivalent to integrating over the scattering angle of the projectile, and also over the energy loss. The upper and lower limits of the integration are functions of the projectile mass M b Q and T. By dividing the integration into low and high K regions and using the fact that the GOS becomes the dipole oscillator strength in the limit K ~ 0, Bethe succeeded in deriving an expression for the integrated cross section, u;(T) , (still within the first Born approximation or FBA) that clearly identified the leading energy dependence of the cross section, known as the Bethe approximation (Bethe, 1930) :
where the Bethe constants ai, bi, Ci,. •• depend only on the properties of the target and can in principle be calculated from the GOS.
The first coefficient, also denoted Mi (Miller and Platz man , 1954) , is closely related to the integral of the continuum dipole oscillator strength:
but other coefficients are more complicated (Kim and Inokuti, 1971) . The Bethe approximation also holds for the singly differential cross section in which the Bethe constants are now functions of Q but not T, and the integration over Q in Eq. 2.24 is omitted for ai· If dependable experimental photo ionization cross sections are available, one can then determine the ai coefficient from such data. For dipole-forbidden transitions, ai = 0 because df(Q)/dQ = O. Note that the Bethe cross section diminishes as T-llnT as T increases for a dipole-allowed transition but diminishes much faster (ex T-l) for a forbidden transition. Cross sections for spin-changing collisions vanish in the FBA as formulated here.
The Bethe cross section is an asymptotic form, i.e., for high incident energies. This compact form applies to all types of inelastic scattering cross sections, as long as the cross section is integrated over the scattering angle of the projectile after a collision. However, terms left out in the PWBA, such as the distortion of the projectile wave function near the target and exchange terms if the projectile is an electron, enter into the asymptotic expansion, Eq. 2.23, between the second and third terms. In other words, the first two terms, those associated with ai and bi, in the Bethe approximation represent the essence of the PWBA. We expect, therefore, that comparisons of experiments with the PWBA will be meaningful only at high T where the Bethe approximation and the full PWBA result agree well numerically.
In Table 2 .2 we list the Bethe constants for ionization, ai, b i and Ci of H and He as well as some of their isoelectronic ions. The constant Ci depends on the projectile mass. We caution the reader again that other T-dependent corrections must be added to the Bethe cross section for it to become reliable at T lower than about 10 times the threshold energy. Nevertheless, the Bethe formula agrees better with experimental data at low T for heavy projectiles than for electron impact.
Platzman Plot
A simple but very powerful way to graphically represent singly differential cross sections was used by Miller and Platz man (Miller, 1956) . In this method, which we shall refer to as the Platz man plot, the ratio Y of u(E) to the Rutherford cross section for a single target electron, Eq. 2.3, is plotted as a function of where Ui is the total ionization cross section. This shows that the area under a Platz man plot is proportional to the total ionization cross section. This fact can be used to normalize u(E) because Ui is often known with a better accuracy than u(E) from independent measurements.
The quantity Y can be interpreted as the effective number of target electrons participating in an ioniz- ing collision. In this way, we expect that the value of Y will approach the number of valence electrons as € becomes very large compared to the valence shell binding energy B I> provided that the valence shell contributions dominate the ionization cross section as is the case in most atoms and molecules. For slow secondary electrons, the shape of the Platz man plot is expected to follow that of the continuum dipole oscillator strength (multiplied by the energy transfer, see Eqs. 2.25 and 2.26) scaled by some function of € and T and superposed on the contributions from close collisions, or the Rutherford cross section. However, this scaling of the dipole contribution will be different from one atom to another. Because of the complexity of this scaling, one cannot simply add the dipole contribution to the Rutherford cross section to "synthesize" a SDCS. Nevertheless, the Platzman plot provides many useful clues to the reliability of experimental as well as theoretical SDCSs, particularly when reliable values of continuum oscillator strengths are known.
We present an example of the Platzman plot for the ionization of the Ne atom in Figure 2 .1. The electronimpact experimental data of Opal et ai. (1972) in Figure 2 .1(a) may be compared with the corresponding continuum oscillator strength data in Figure  2.1(b) , which were obtained from the photo ionization cross sections compiled by Berkowitz (1979) . The similarity in the shapes of the two curves indicates that dipole contributions are prominent at the 500 eV incident energy. Also discernible in the two sets of data near RIQ = 0.3, or € = 20 eV is a series of window resonances resulting from the interference of the 2s -+ np transitions with the 2p -+ €l continuum background, where i, the angular momentum of the ejected electron, can have values 0 or 2. The small dip in the electron-impact data near € = 200 eV is the manifestation of the interference term in the Mott cross section (Eq. 2.6), shown in the curve marked "M."
To match the known total ionization cross section, however, the data by Opal et al. (1972) must be renormalized to the height shown by the chained curve marked "e-" in Figure 2.1(a) . The area under the "e-" curve reproduces the TICS measured by Rapp and Englander-Golden (1965) , aJe -) = 0.667 7T a~. The curve marked "p" is a simple extension of the e-curve to meet the Rutherford cross section at the maximum energy that can be transferred by an incident proton with the same speed as a 500-eV electron, i. e. , with a kinetic energy of 0.92 MeV. The "proton-impact" curve constructed in this way and the corresponding cross section obtained from the area under the "p" curve leads to a;(p) = 0.74 17U5, in good agreement with the proton-impact experimental value of O. 72 17U~ measured by Hooper et al. (1962) .
Note that it is simple to extrapolate the electron- following the shape of the dipole contribution in Figure 2.1(b) . This possibility is very important because most experimental data on secondary electrons are either unavailable or unreliable at € < 5 eV_ The value of aC€) at € = 0 can be either measured (Grissom et al., 1972) or extrapolated from the discrete excitation cross sections using the quantum defect theory (Kim and Inokuti, 1973) . These threshold values are also given in ..<::
Eo< both the Rutherford and Mott cross sections overestimate hard-collision contributions at the threshold, although a simple extrapolation of the Rutherford or Mott cross section to E = 0 would have affected only the values of a(E) very close to the threshold. These illustrations clearly demonstrate the power of the Platzman plot in (a) verifying the reliability of experimental cross sections, (b) normalizing the overall magnitude, and (c) extrapolating a(E) to values of E inaccessible to experiments, as long as T is high enough so that the dipole contribution is substantial. The Platz man plot is an important tool in modeling studies of energy deposition by fast particles in which a(E) as a function of E and T is needed.
Total Cross Section for Ionization by Ions
Discussions of the Born approximation, the Bethe theory, and the Platz man plot in Section 2.9 are applicable to ionization by bare ions such as protons and a-particles. The Bethe theory predicts that electron-impact and ion-impact cross sections will become the same if the projectile velocity is very high and the cross section is expressed in terms of the scaled T defined in terms of the projectile velocity v instead of the projectile energy E itself (Eq. 2.4).
Since the Bethe theory that predicts this similarity of cross sections does not account for the electron exchange interaction, this asymptotic behavior is achieved only at high enough T that contributions from the exchange interaction in electron-impact ionization are negligible, i.e., for T -1 keY and above.
Although an incident ion carries a considerably larger kinetic energy than an electron, the maximum amount of energy that can be transferred to a free target electron at rest is limited to 4T from the conservation of energy and momentum. This is known as the "classical cutoff" of energy transfer (Rudd et at., 1992) , and its value is considerably less than E as can be seen from Eq. 2.4.
For slow projectile ions, ionization by electron capture to the continuum (called ECC and discussed in Section 4.2.1) is significant, and theories based on the Born approximation are not applicable. The Binary Encounter Dipole (BED) model to be described in Section 3.6.2 for electron-impact ionization can be adapted to ionization by fast protons and other bare ions by omitting the electron-exchange related terms and excluding inner shells whose binding energies exceed 4T. However, to achieve the level of success that we have seen in electron-impact ionization, the BED model must also account for ionization by the ECC mechanism, which may contribute a discernible fraction to the total ionization cross sections when T is comparable to the average kinetic energies U of target electrons in valence shells.
Since ECC involves the formation of a transient molecule consisting of the projectile and the target, the outcome depends heavily on both the internal structure of the target and the projectile speed. No simple model such as the BED model can describe such collisions.
When the incident ion also has its own bound electrons, the difficulty in describing such collisions even in qualitative terms increases rapidly with the number of electrons bound to the projectile. When the projectile is fast, we can still construct a theory based on the Born approximation. The resulting ionization cross section consists of three parts (Gillespie et at., 1978) : (a) the interaction of the projectile nucleus with the electrons bound to the target; (b) the interaction of the target nucleus with the electrons bound to the projectile; and (c) the interaction between electrons bound to the projectile and those bound to the target. Since the Born approximation is meaningful when the projectile T far exceeds the U's of all active electrons, the asymptotic behavior predicted by the Born approximation can be realized only when E is very high even for light ions and atoms.
Continuum-Distorted-Wave Eikonal-Initial State (CDW-EIS) Method
In the case of electron-impact ionization, it is customary to assume that the target atom or molecule is infinitely heavy compared to the incident and ejected electrons so that the center of mass of the colliding system does not move before and after the collision. In the case of ion-impact ionization of light atoms or molecules, the center of mass moves along the line between the target nucleus and the projectile ion. Hence, even for the plane-wave Born approximation, it is necessary to include the motion of the center of mass in the plane waves for the ion projectile. The ejected electron is represented by a plane or Coulomb wave centered on the residual ion, but does not refer to the scattered ion. The interaction between the projectile and the target electron (before and after the collision) is treated in first order perturbation.
However, a more accurate description at a large distance from the target before the collision should include the distortion of the (bound) target electron wave function due to the attraction of the projectile ion, and similarly the description of the target after the collision should include the distortion of the ejected electron wave function due to the attraction of both the residual ion and the scattered ion, even though one may still describe the motion of the projectile ion as a plane wave (i.e., having a straight line trajectory) including the moving center of mass. In other words, the PWBA does not satisfy the asymptotic conditions both before and after the colli-SIOn.
The CDW-EIS method (Fainstein et al., 1991b) compensates for this deficiency by adding more phase factors to the PWBA initial-and final-state wave functions. These phase factors partly account for the interaction of the target electron with the projectile before and after the collision. The interaction unaccounted for in this way is then treated in first-order perturbation. The CDW-EIS method has been successfully applied to target atoms with simple shell structures, e.g., H and He, ionized by bare ions. In all cases, the CDW-EIS method agrees better than the PWBA with experimental values of DDCSs and SDCSs. The ejected-electron wave function is usually expressed in terms of Coulomb functions with an effective nuclear charge, which allows one to obtain analytic expressions for the interaction matrix elements. Unlike the PWBA, two-center effects are built into the wave functions in the CDW-EIS method, and hence the latter describes both direct ionization and ionization due to electron capture to the continuum states of the projectile. Many examples are illustrated in a comprehensive review by Fainstein et al. (1991) .
Although the application of the CDW-EIS method to proton-neon collisions (Fainstein et al., 1991a) indicates that the method reproduces all of the major features of DDCS, the use of simple Coulomb functions for the ejected electron is likely to introduce uncertainties in the cross section for ejecting slow electrons, which dominate the SDCS and TICS. In view of its outstanding success in describing various features of the two-center effects, this method deserves more systematic studies with radiological applications in mind.
Classical-Trajectory Monte Carlo (CTMC) Method
In this method (Abrines and Percival, 1966; Olson and Salop, 1977) , the coupled classical Hamiltonian equations of motion are solved. These equations govern the motion of three particles-the incident ion, the target nucleus, and the electron being ionized! nteracting with each other through Coulomb potentials. Since classical mechanics is used, the motion of each particle in the three-dimensional space is described by three components of the momentum vector and three components of the position vector, thus making it necessary to solve a total of 18 coupled equations. Initial conditions of the incident ion and the orbital motion of the electron around the nucleus are sampled appropriately and then large numbers (10 4 to 10 7 ) of trajectories of the ion are calculated by solving the coupled equations numerically. Since the errors in the resulting cross sections depend on the number of trajectories used, the CTMC method is computationally expensive for collision processes with very small cross sections. However, the method is effective for calculating differential cross sections for direct ionization as well as for electron capture to bound and continuum states of the projectile ion.
The CTMC method has had considerable success in describing ionization of simple atoms by bare ions of moderate incident energies, up to a few hundred keV/u. However, the CTMC method has one built-in difficulty: pure classical theory-basically equivalent to the Rutherford equation discussed in Section 2.3-lacks contributions from the dipole interaction (Olson, 1983; Reinhold and Burgdorfer, 1993) , which becomes dominant for fast incident ions of energies of about 1 MeV/u and greater. As is the case for the CDW-EIS method, more systematic studies are needed to better understand the limitations of the CTMC method in radiological applications.
Consistency Requirements
Even though th~ry cannot always predict accurate ionization cross sections, certain aspects of theory are so well founded that they can be used to (i) identify certain limitations, (ii) provide relationships among different kinds of collision data, and (iii) supply information on the expected asymptotic behavior in certain energy regimes. These requirements help us to judge the reliability of various types of cross sections, both theoretical and experimental. There are six major requirements to be satisfied by TICSs, SDCSs, and DDCSs (Kim, 1983b) .
(A) Threshold behavior
Ionization cross sections must first satisfy the trivial requirement that the cross sections vanish at the threshold. Since most measurements of DDCSs are made at incident energies well above the lowest ionization threshold of a given target, measured DDCSs should vanish when extrapolated to the threshold. For electron impact the threshold energy is equal to the binding energy, i.e., E = B. For ion impact, the threshold is not as well defined and few, if any, measurements have been made near this threshold. (C) Angular Symmetry in the Slope of the Fano Plot Since the angular distribution of photoelectrons has the form a + bcos 2 8, the differential photoionization cross section is the same for two supplementary angles, i.e., for 8 1 and 8 2 such that 8 1 + 8 2 = 180°.
Hence, the slopes of the Fano plots of the DDCS for a given E for a pair of supplementary angles should be the same (Kim, 1972) . This test offorward-backward symmetry can reveal subtle systematic problems in experimental DDCSs. To use the Fano plot for this consistency test, however, cross sections at rather high T (at least ~ 1 keY) must be used. Otherwise, the cross sections may not have reached asymptotic behavior and consequently may lead to erroneous conclusions.
(D) Integrated Cross Sections Often DDCS measurements are relative, and they must be normalized to integrated cross sections such as /Tj. The integration ofthe DDCS over 8 to obtain the SDCS is insensitive to the DDCS values at the extreme forward and backward angles because of the sin8 in dD = 2min8d8. Nevertheless, comparisons with /Tj, which are usually measured independently of the DDCSs and more accurately, serve as an important indicator of the reliability of the DDCSs. It is impractical to measure DDCSs at E = 0, because such secondary electrons will not reach the detector, which is placed some distance from the collision volume. Hence, the values of DDCS at E = 0 must be deduced by extrapolating cross sections for E > o. The consistency of such an extrapolated DDCS can be checked by first integrating the DDCS over 8 to get the SDCS at E = o. Then, the quantum-defect theory (Kim and Inokuti, 1973) connects a(E = 0) to the total cross section for discrete excitation /Tn at the same incident energy through the relation: where n * is the effective quantum number and /Tn is the sum of all discrete-excitation cross sections with the same principal quantum number n that corresponds to n*. For multi shell targets, the left-hand side of Eq. 2.27 must be the sum over all Rydberg series approaching the first ionization limit.
(E) Energy-Loss Cross Section and SDCS When single ionization dominates, i.e., when multiple ionization, excitation and inner-shell ionization can be ignored, cross sections for the energy loss of the projectile can be matched with the SDCS for electron ejection. However, the angular distribution of the scattered particle and the DDCS of the ejected electron cannot be compared because the former is sharply peaked in the forward direction while the latter is spread over all angles.
(F) Binary Peak Position As was mentioned in Section 2.2, fast secondary electrons are ejected by knock-on collisions and the ejection angle Os of such electrons, called the binary peak, is well defined by Eq. 2.1. Binary peaks will be relatively narrow if the electron is ejected from a loosely bound orbital and broad if it is ejected from a tightly bound orbital. If a coarse angular mesh is used in the measurement of DDCS, the binary peak for some values of E may fall between the measured angles and appear as a sudden drop in the SDCS when the DDCS is integrated.
Projectiles at Relativistic Speeds
For projectiles with relativistic speeds (u I c ~ 0.1) the nonrelativistic formulations used so far become inaccurate and different expressions must be used. First of all, the scaled incident kinetic energy T now must be expressed in terms of the quantity ~ = u Ic:
T/R = (Y2meu2)/(1/2mec2a2) = ~2/a2, (2.28)
where a "" 1/137 is the fine structure constant. At relativistic speeds the Bethe theory is very reliable and the first two terms in Eq. 2.23 are sufficient to accurately describe a; (Bethe, 1932) . Using the relativistic expressions for the limits of integration and for the Coulomb interaction, the equation becomes where aj is the same Bethe constant used in the nonrelativistic formula, Eqs. 2.23 and 2.24, and bj' is related to the bj in Eq. 2.23 by the relation bi = bj -2aj In a = bj + 9.840aj.
(2.30) For incident electrons with relativistic speeds, the Coulomb interaction must be supplemented by a relativistic correction. For the SDCS, the relativistic counterpart of the Mott cross section described in Section 2.4 is known as the M~ller cross section (Bethe and Ashkin, 1953) . We now denote kinetic energies of the incident electron by E and that of the ejected electron by E. Note that the relativistic kinetic energy is defined as the total energy minus the rest energy, mec2. The original M~ller cross section is for the relativistic scattering of two free electrons, and hence diverges for E = 0 as the original Mott cross section did. To avoid this difficulty, we add the binding energy to the terms that diverge at E = 0 as we did to modify the Rutherford and Mott cross sections:
(2.31) which has the dimension of area per energy unit used for E, B j and E. Eq. 2.31 is correct even when both the primary electron energy E and the secondary electron energy E are relativistic. The M~ller cross section, however, still lacks contributions from the dipole interaction just as the Mott cross section did. The binary peak for the ejected electron is in the direction of which reduces to Eq. 2.1 in the nonrelativistic limit.
